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Being one of the centroidal concepts in quantum theory, the fundamental constraint imposed by
Heisenberg uncertainty relations has always been a subject of immense attention and challenging
in the context of joint measurements of general quantum mechanical observables. In particular, the
recent extension of the original uncertainty relations has grabbed a distinct research focus and set
a new ascendent target in quantum mechanics and quantum information processing. In the present
work we explore the joint measurements of three incompatible observables, following the basic idea
of a newly proposed error trade-off relation. In comparison to the counterpart of two incompat-
ible observables, the joint measurements of three incompatible observables are more complex and
of more primal interest in understanding quantum mechanical measurements. Attributed to the
pristine idea proposed by Heisenberg in 1927, we develop the error trade-off relations for compatible
observables to categorically approximate the three incompatible observables. Implementing these
relations we demonstrate the first experimental witness of the joint measurements for three incom-
patible observables using a single ultracold 40Ca+ ion in a harmonic potential. We anticipate that
our inquisition would be of vital importance for quantum precision measurement and other allied
quantum information technologies.
I. INTRODUCTION
Uncertainty principle, as one of the fundamental pos-
tulations in quantum theory, was first introduced by
Heisenberg, which raised error bounds for joint mea-
surements of non-commuting observables in prepar-
ing/measuring quantum states [1]. But the original forms
of uncertainty relations were derived by Kennard [2],
Weyl [3] and Robertson [4], which are mathematical de-
scriptions of deviation in the measurement statistics of
two incompatible observables. Physically, these forms of
uncertainty relation concern separate measurements of
the two incompatible observables performed on two en-
sembles of identically prepared quantum systems, which
is conceptually different from the Heisenberg’s idea of a
trade-off for the errors of approximate simultaneous or
successive measurements performed on the same system
[5].
From the operational aspect, measuring two incompat-
ible observables A and B inevitably involves disturbance,
e.g., a single measurement of A can be accomplished with
an imminent disturbance in any subsequent or simulta-
neous measurement of B. As a result, treatment of the
inaccuracy in an approximate measurement of A and the
disturbance of a subsequent or simultaneous measure-
ment of B necessitates a trade-off, which is known as
an error-disturbance relation. Based on this idea, new
inequalities for uncertainty relations have been indepen-
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FIG. 1: (Color online) Schematic for verifying lower bounds
of the Heisenberg uncertainty relations for three incompatible
observables by triplewise joint measurements. The quantum
apparatus can measure the incompatible observables A, B and
C individually, while not simultaneously. Three compatible
observables D, E , and F are employed to approximate A, B
and C, respectively, during the joint measurement by M.
dently proposed over past years [6–14]. Although some
of those inequalities were verified experimentally [15–22],
the debates still have been lasting due to disagreements
on appropriate quantification of error and disturbance.
In particular, some authors of the present work have re-
cently worked on experimental verification of a trade-off
proposed by Busch, Lahti and Werner (BLW) in [14],
which employed two compatible observables C and D to
approximate, respectively, the incompatible observables
A and B, following the quintessence of Heisenberg’s orig-
2inal idea in 1927. Precise lower bounds of the uncer-
tainty relations were witnessed, in conformity with the
predictions in [14], by simultaneously detecting incom-
patible observables encoded in a single ultracold trapped
ion [23, 24].
The present work concerns a more complicated situa-
tion, that is, triplewise joint measurements of three in-
compatible observables in a qubit. For a single qubit,
e.g., a spin-1/2 particle, the spin operators given by three
Pauli operators σk (k = x, y, z), constitute the funda-
mental representation of SU(2), describing completely
the properties of the particle. Consequently, compared
with the counterpart regarding two incompatible observ-
ables, joint measurements of three incompatible observ-
ables encoded in a qubit should be of more fundamen-
tal interest. We have noticed the previous attempts to
explore the uncertainty principle encompassing three or
more observables [25–41], where basically different rela-
tions of the uncertainty principle, based on preparation
and entropy, have been investigated. However, none of
them is relevant to the error-disturbance relation. For
example, a recent experiment [41], using a single spin in-
side the diamond nitrogen-vacancy center, demonstrated
the preparation uncertainty for the triple components of
the angular momentum.
In the present paper, we report the first experimen-
tal confirmation of lower bounds of the error-disturbance
relations by extending the BLW proposal in [14] to
three compatible observables approximating, respec-
tively, three incompatible observables (See Fig. 1). Since
the prevailing situation is much more complicated than
considered in [14], we will only focus on some typical
cases, e.g., three incompatible observables to be orthog-
onal or coplanar, which provide more alluring physical
pictures than the general cases for the concerned prob-
lem without any resultant damage in the context of our
insight into the problem’s essence. Our experiment uti-
lizes a single qubit encoded in a trapped ultracold 40Ca+
ion, which could be manipulated by high-level control of
lasers. As will be presented below, by unitary operations
under carrier transitions, we witness the lower bounds of
the Heisenberg uncertainty relations from the triplewise
joint measurements and discover some novel character-
istics completely different from the usual considerations
with two incompatible observables.
The paper is organized as follows. We first describe
the theoretical scheme regarding the joint measurements
of three incompatible observables, and then present ex-
perimental measurements in verifying the predicted lower
bounds. A concise discussion and a short summary are
given before the end of the main text. Some details of the
theoretical derivations and experimental implementation
can be found in Appendix.
II. THEORETICAL SCHEME
In this work we consider three incompatible observ-
ables A, B and C, and explore their uncertainty rela-
tions under triplewise joint measurements. This basically
refers to extending the BLW proposal of pairwise joint
measurements, as detailed in [14], to the triplewise coun-
terparts, as sketched in Fig. 1, where three compatible
observables D, E , F represent the corresponding approxi-
mations of the target observables A, B, C. For clarity, we
first introduce the three compatible observables as well
as their measurements. Then three incompatible observ-
ables, as the targets of the three compatible observables
to approach are elucidated.
A. Joint measurements of three compatible
observables
An arbitrary observable O for a qubit can be written
as O = o · σ, where o = (ox, oy, oz) is a general real
vector with |o| ≤ 1 and σ = (σx, σy, σz) is the vector
regarding Pauli operators. The observable O has two
positive operators O± = (1± o · σ)/2.
Three observables D, E and F are called
triplewise jointly measurable if there is a joint
measurement observable M with eight measurement
operators Mµ (= Mµ1µ2µ3 with µ1, µ2, µ3 = ±) making
the three given observables as the marginals, e.g.,
Dµ1 =
∑
µ2µ3
Mµ1µ2µ3 . This implies that the observ-
ables D, E and F can be indirectly measured by means
of measuring M, as detailed later.
Three observables to be triplewise jointly measurable
should satisfy [42],
3∑
k=0
|Λk −ΛFT| ≤ 4, (1)
where ΛFT denotes the Fermat-Toricelli (FT) vector of
four vectors Λ0 =
∑3
k=1 λk and Λk = 2λk − Λ0 (k =
1, 2, 3) with λ1,2,3 the vectors regarding the observables
D, E and F , respectively. The FT vector for a set of
three or more vectors va in Euclidean space, which is
unique and always exists, represents the vector v with the
total distance
∑
a |va − v| minimized [43]. As such, the
measurement operators of M for three triplewise joint
measurement observables take the following form [42],
Mµ =
1
8
(I+
∑
i>j
µiµjZij +
3∑
i=1
µiλi ·σ−µ1µ2µ3ΛFT ·σ),
(2)
where Zij = 1− (|Λi −ΛFT| − |Λj −ΛFT|)/2 with i > j
and i, j = 1, 2, 3.
In order to understand Eq. (2) in a more simplified
way, we take into account two special cases as explained
below. The first case encapsulates the situation of three
observables existing in mutual orthogonality, for which
the satisfying condition in Eq. (1) reduces to [42, 44, 45],
∑
i
|λi|2 ≤ 1. (3)
We have to mention that the joint measurement opera-
tors given by Eq. (2) are incompact although they satisfy
3Eq. (3). A proper compact form of M could be written
as [44, 45],
Mµ =
1
8
(I +
∑
i
µiλi · σ), (4)
where µ = (µ1, µ2, µ3) with µi = ± (i = 1, 2, 3).
The second special case deals with a reduction from
three observables to two. Normally, a pair of observ-
ables D and E defined by two vectors λ1 and λ2 are
jointly measurable if and only if [14, 23, 24, 44]
|λ1 + λ2|+ |λ1 − λ2| ≤ 2, (5)
whose joint measurement operators are
Mµ =
1
4
(GI +
∑
i
µiλi · σ), (6)
such that µ = (µ1, µ2) and G = 1 + µ1µ2λ1 · λ2 with
µi = ± (i = 1, 2). This is actually the case investigated
previously in [14, 23].
B. Uncertainty relations for three incompatible
observables
In general, the three incompatible observables A, B
and C do not satisfy the triplewise jointly measurable
condition under the limitation imposed by Eq. (1) unless
they are colinear. In order to undertake a quantitative
treatment, we consider A = a ·σ, B = b ·σ and C = c ·σ
with |a| = |b| = |c| = 1. Then we assume the three
compatible observables to be D = d · σ, E = e · σ and
F = f · σ with |d|, |e|, |f | ≤ 1 as the approximations
of A, B and C, respectively. By extending the trade-off
idea in [14], we define the state-independent uncertainty
relation under the triplewise joint measurements as
∆(A,B, C) ≡ ∆(A,D) + ∆(B, E) + ∆(C,F)
= max
ρ
[∆ρ(A,D)] + max
ρ
[∆ρ(B, E)] + max
ρ
[∆ρ(C,F)]
= 2(|a− d|+ |b− e|+ |c− f |), (7)
which ascribes the new Heisenberg uncertainty relation
we obtain and would be consequently verified later on by
the trapped-ion system. The Wasserstein distances (of
order 2) between the measurement probabilities in Eq.
(7), i.e.,
∆ρ(X ,Y) = 2
∑
µ=±
|pXµρ − pYµρ | = 2|(x− y) · r|, (8)
define the state-dependent uncertainty relations [14], in
which X = A,B, C, Y = D, E ,F and the qubit state ρ =
(1+ r ·σ)/2 with |r| = 1. pKµρ denotes the measurement
probability obtained by measuringKµ on the state ρ, i.e.,
p
Kµ
ρ = Tr[Kµρ] with K = X,Y .
For the set Ξ consisting of all the groups of three ob-
servables satisfying the triplewise joint measurement con-
dition, the lower bound of the uncertainty relation, based
on the minimization of the vector distances regarding the
incompatible and compatible observables, is defined as
∆lb = min
(d,e,f)∈Ξ
2(|a− d|+ |b− e|+ |c− f |). (9)
Thus the uncertainty relation can be simply expressed as
∆(A,B, C) ≥ ∆lb. (10)
However, in contrast to the pairwise joint measurements
with some analytical results for the optimal approxima-
tion, solving Eq. (9) analytically is difficult. As a re-
sult, we try below numerical solutions to Eq. (9) for
most cases. Our experimental observations, as presented
later, are also based on Eq. (9) by employing a penalty
function method (See Appendix A for details).
III. EXPERIMENTAL SYSTEM AND BASIC
OPERATIONS
Our experiment is carried out on a single ultracold
40Ca+ ion confined in a linear Paul trap as employed
previously [23, 24], which is constituted by four parallel
blade-like electrodes and two end-cap electrodes. Con-
stant voltage applied to the end-caps ensures axial con-
finement and the rf potential applied to the blade elec-
trodes via helical resonator corresponds to Ωrf/2pi =
20.6 MHz with the power of 5.5 W. Under the pseudo-
potential approximation, we have the axial and radial
frequencies of the trap potential to be, respectively,
ωz/2pi = 1.0 MHz and ωr/2pi = 1.2 MHz. To con-
trive an intrinsic Zeeman substructure and hence to as-
certain a peculiar quantization axis, we employ a mag-
netic field of 0.6 mT directed in axial orientation, yielding
the ground state 42S1/2 and the metastable state 3
2D5/2
split into two and six hyperfine energy levels, respectively.
We encode qubit |↓〉 in |42S1/2,mJ = +1/2〉 and |↑〉 in
|32D5/2,mJ = +3/2〉 with mJ being the magnetic quan-
tum number.
After Doppler cooling and resolved sideband cooling,
the z-axis motional mode of the ion is cooled down to its
vibrational ground state with the final average phonon
number of 0.030(7). A narrow-linewidth 729-nm laser
radiates the ultracold ion with an incident angle of 22.5◦
between the laser and the z-axis, yielding the carrier-
transition Hamiltonian Hc = Ω(σ+e
iφL + σ−e
−iφL)/2,
with the Rabi frequency Ω as the laser-ion coupling
strength in units of ~ = 1 and the laser phase φL.
The system evolution under the execution of the carrier-
transition operator is given by [23],
UC(θL, φL) = cos
θL
2
I − i sin θL
2
(σx cosφL − σy sinφL),
(11)
where the parameter θL = Ωt is determined by the evo-
lution time and Ω/2pi = 47.0(5) kHz throughout our ex-
periment. Since the inherent decay and dephasing times
of the qubit are, respectively, 1.1 s and 2 ms, much longer
than the operation time, we can consider to work in an
isolated quantum system.
4Prior to proceeding to the substantial experimental op-
erations to witness the uncertainty relation lower bounds,
we are required to prepare an optimal state ρop which is
to maximize the state-dependent uncertainty ∆ρ(A,D)
with r = (a − d)/|a − d|. Starting from this state, we
check Eq. (7) experimentally. The required operations
include execution of coupling of | ↑〉 and | ↓〉 by a 729-nm
laser under a unitary evolution UC(θL1, φL1) (defined be-
low) and measurement of the necessary observables A, B,
C and M under another evolution UC(θL2, φL2) (defined
below). Finally, detection is made on the state | ↑〉.
The preparation of an optimal state is achieved by the
unitary operator in Eq. (11) with ρop = UC(θL1, φL1) |↓
〉〈↓| U †C(θL1, φL1), that is,
rx = sin θL1 sinφL1, ry = sin θL1 cosφL1, rz = − cos θL1.
(12)
where the angles will be further clarified later.
The measurement operator M is a positive operator-
valued measure. As proven in [23], such a positive
operator-valued measure with rank of 1 can be mea-
sured by a single qubit through unitary transformations,
at the expense of losing generality, i.e., no possibility
to observe the region above the lower bound. Nev-
ertheless, in this way, the lower bound, corresponding
to optimal approximations, can be observed as desired
in a single qubit. As such, the measurement operator
M = Tr[M](1 +m · σ)/2 with m having rank 1 can be
rewritten asM = Tr[M ]U †C(θL2, φL2) |↑〉〈↑| UC(θL2, φL2)
[23]. Thus we have
mx = sin θL2 sinφL2, my = sin θL2 cosφL2,mz = cos θL2.
(13)
For convenience of the experimental implementation in
our system, we choose θL2 = arccosmz, which means
sin(θL2) ≥ 0. Thus, φL2, which only depends on mx and
my, is given by,
φL2 =
pi
2
(1− sign(my)) + arctan mx
my
, (14)
where sign(my) = 1 if my > 0 and sign(my) = −1 if
my < 0. In the case of my = 0, the situation is beyond
Eq. (14), that is, φL2 = pi/2 ifmx > 0 and φL2 = −pi/2 if
mx < 0. In the case of both mx = 0 and my = 0, we have
φL2 = 0. Correspondingly, for those angles in initial state
preparation, we may choose θL1 = arccos(−mz). Due to
sin(θ1) ≥ 0, φL1 has the same form as φL2 in Eq. (14).
In our experiment, there are six operators required to
be measured, i.e., A+, B+, C+, D+, E+ and F+. This
is due to fact that our computation of Wasserstein dis-
tances encapsulates an added privilege of diminished ex-
perimental operations. For example, due to the fact that
|pX+ρ −pY+ρ | = |pX−ρ −pY−ρ |, we are merely required to carry
out experimental manipulations for the determination of
former terms |pX+ρ −pY+ρ |. Moreover,D+, E+ and F+ can-
not be measured directly by our experimental exertions.
So we adopt an alternative approach of joint measure-
ment operator Mµ to figure out the desired values. For
instance, to determine D+, we employ the marginal re-
lation D+ =
∑
µ2µ3
M+µ2µ3 by explicitly measuring the
four operators M+++, M++−, M+−+ and M+−−.
IV. EXPERIMENTAL IMPLEMENTATION
In the following section we are proceeding to rigorously
elucidate the experimental verification of the uncertainty
relations perceived in the proceeding section by consider-
ing three typical cases concerning the three incompatible
observables.
A. Three orthogonal incompatible observables
In this section, we proceed to demonstrate the case for
three incompatible observables when they are oriented
orthogonally. As presented in Fig. 2(a) the mutually
perpendicular incompatible observables can be given as
A = σz, B = σy and C = σx such that the corresponding
a, b and c are (0, 0, 1), (0, 1, 0) and (1, 0, 0) respectively.
Following the steps as in Appendix B, we can write the
approximations d, e and f as
d = (0, 0, k sinϕ sinφ), e = (0, k cosϕ sinφ, 0),
f = (k cosφ, 0, 0), (15)
Thus the uncertainty relation for these three observables
is given by
∆(A,B, C) ≥ 2
√
3(
√
3− 1), (16)
where the lower bound appears at k = 1, ϕ = pi/4 and
φ = arccos
√
1/3, as explained in Appendix B.
Keeping in view the constraints in a single qubit-
system, we need to scrutinize the possibility for the pre-
dominating boundry conditions. The optimal approxi-
mations are always obtained at the boundary of Eq. (3)
with k = 1. Utilizing Eq. (4), we can obtain the joint
measurement operators for d, e and f , from which one
can readily obtain G = 1+
∑
j>j µiµjλi ·λj = 1. Consid-
ering Rank[Mµ] = 1 as the paramount condition referring
to the measurement prospects ofMµ in one-qubit system
as detailed in [23], we have,
G2 =
∑
j=1,2,3
(
∑
i
µiλ
j
i )
2, (17)
where λji denotes the jth element of the vector λi. Ad-
ditionally from Eq. (16), we know
∑
j=1,2,3(
∑
i µiλ
j
i )
2 =
k2. Considering Eq. (17) and using the result G = 1, we
obtain k = 1, which is consistent with the lower bound
condition in Eq. (16), implying that the lower bound
in this case could be reached by the one-qubit measure-
ments.
In our experiment we illustrate the case related to
ϕ = pi/4, where the lower bound of the uncertainty rela-
tion exists along the black line as plotted in Fig. 2(b).
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FIG. 2: (Color online) Three orthogonal incompatible observables A,B, C approximated by three compatible observables D, E ,F ,
respectively. (a) Corresponding vectors of the observables in Bloch sphere. (b) Calculated Heisenberg uncertainty relation
∆(A,B, C) as functions of the parameters φ and ϕ, corresponding to k = 1 in the polar coordinate representation with φ as the
radius and ϕ as the polar angle, where the white and black lines denote the polar angle ϕ = 0 and ϕ = pi/4, respectively, and the
red dot denotes the lower bound. (c) Experimental measurements of the separate terms ∆(A,D), ∆(B, E) and ∆(C,F) of the
Heisenberg uncertainty relation, where the curves are the analytical results, and the blue and green data are nearly overlapped
due to the very close values in between. (d) Heisenberg uncertainty relation for three orthogonal incompatible observables A,
B and C with the dots and curve denoting the experimental data and analytical result, respectively. Error bars in (c) and (d)
indicate the standard deviation of the data with each measured with repetition of 20,000 times.
TABLE I: Parameter values for the measurement pulses in observing A+, B+, C+ and the joint measurement operator
Mµ1µ2µ3 for three orthogonal incompatible observables A = σz, B = σy and C = σx. We set θ˜2 = arccos(
√
2 sinϕ/2),
θ¯2 = arccos(−
√
2 sinϕ/2) and φ¯ = arctan
√
2 cotϕ.
A+ B+ C+ M+++ M++− M+−+ M+−− M−++ M−+− M−−+ M−−−
θL2 0 pi/2 pi/2 θ˜2 θ˜2 θ˜2 θ˜2 θ¯2 θ¯2 θ¯2 θ¯2
φL2 0 0 pi/2 φ¯ −φ¯ pi − φ¯ pi + φ¯ φ¯ −φ¯ pi − φ¯ pi + φ¯
From Eq. (8) and Eq. (16), we can easily find that the
optimal states for ∆ρ(A,D), ∆ρ(B, E) and ∆ρ(C,F) are
ρ1 = (1+σz)/2, ρ2 = (1+σy)/2 and ρ3 = (1+σx)/2, re-
spectively. In this case, we have analytical results for the
experimentally measurable quantities, i.e., p
K+
ρ1 = 1 with
K = A,B,C, p
M+µ2µ3
ρ1 = (1 + k sinϕ sinφ)/8, p
Mµ1+µ3
ρ2 =
(1+k cosϕ sinφ)/8, and p
Mµ1µ2+
ρ3 = (1+k cosφ)/8 for all
the possibilities of µ1, µ2, µ3 = ±. In particular, for the
given angle ϕ = pi/4 (i.e., the black line in Fig. 2(b)), we
have p
M+µ2µ3
ρ1 = p
Mµ1+µ3
ρ2 .
With the laser irradiation as set by the parameter val-
ues as listed in Table I, we have experimentally mea-
sured the uncertainty relations. Fig. 2(c) demonstrates
that the separate terms of Eq. (7), i.e., ∆(A,D) and
∆(B, E) behave nearly the same whereas ∆(C,F) varies
very differently. This observation is resulted from the
spatial asymmetry of f with respect to d and e. Nev-
ertheless, the three curves have a point of intersection
at φ = arccos
√
1/3, at which the three approximate
observables have the corresponding vectors of the same
length 1/
√
3 and deviate from their target incompati-
ble observables with the same uncertainty. Moreover,
as plotted in Fig. 2(d), the lower bound also occurs at
φ = arccos
√
1/3, which agrees with the prediction of Eq.
(16).
TABLE II: Parameter values for the measurement pulses in
observing A+, B+, C+ for three coplanar incompatible ob-
servables given in Eq. (20). The values are calculated numer-
ically due to no analytical result for Mµ1µ2µ3 .
A+ B+ C+
θL2 0 ϕ φ
φL2 0 0 pi
B. Three coplanar incompatible observables
In this section, we consider three coplanar incompati-
ble observables generally described by,
x = (0, sin θx, cos θx), (18)
with x = a, b, c satisfying |x| = 1. By virtue of unitary
transformation, any set of three coplanar observables in
the Bloch sphere can be transformed to attain the above
representation. In contrast to the above subsection, no
analytical solution can be found in this case to compute
the lower bound. As a result, here we implement a differ-
ent way of finding the solution for the optimal function
∆¯lb2 associated with the lower bound, based on Eq. (C3)
in Appendix C. So the uncertainty relation is given by
∆(A,B, C) ≥ ∆¯lb2. (19)
In our experiment, we exemplify the case for which A =
σz, B = sinϕσy + cosϕσz and C = sinφσy + cosφσz ,
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FIG. 3: (Color online) Three coplanar incompatible observables A,B, C approximated by three compatible observables D, E ,F ,
respectively. (a) Corresponding vectors of the observables in Bloch sphere, where α, β, γ are, respectively, angles of the vectors
d, e, f with respect to σz. (b) Calculated Heisenberg uncertainty relation ∆(A,B, C) as functions of φ and ϕ, where the black
dashed lines denote φ = ϕ. (c1-c3) Experimental measurements of the separate terms ∆(A,D), ∆(B, E) and ∆(C,F) of the
Heisenberg uncertainty relation, where the solid curves are numerical results. (c4-c6) Experimental measurements of the positive
operators A+, B+, C+ (red dots) and D+, E+, F+ (black circles). (c7-c9) Experimental measurements of the joint measurement
operators Mµ1µ2µ3 for D+ (c7), E+ (c8) and F+ (c9), where P
rk
µ1µ2µ3 = p
Mµ1µ2µ3
ρk , and no P
r1
+−−, P
r2
−++ or P
r3
−+− exists. All
the solid curves in (c1-c9) are from numerical treatments. (d) Experimental observation of the Heisenberg uncertainty relation
for the case φ = ϕ with the dots and curve denoting the experimental values and numerical result, respectively. Error bars in
(c) and (d) indicate the standard deviation of the data with each measured with repetition of 20,000 times.
implying
a = (0, 0, 1), b = (0, sinϕ, cosϕ),
c = (0,− sinφ, cosφ), (20)
as sketched in Fig. 3(a). Since no analytical solution is
available for the associated vectors to approximate the
observables D, E and F , we implement a numerical so-
lution based on Eq. (C3), by which the precise approx-
imation to the incompatible observables A, B and C are
gained by explicit adjustment of the parameters ϕ and
φ.
Fig. 3(b) indicates that the uncertainty increases
with ϕ and φ, where the maximum uncertainty appears
along the diagonal line φ = ϕ. Numerical result shows
that the maximum uncertainty appears in the case of
∆¯lb2 = 2 at the position φ = ϕ = pi/3, implying that
∆(A,B, C) ≥ 2 with A = σz , B = σz/2 +
√
2σy/
√
3 and
C = σz/2 −
√
2σy/
√
3. This indicates that a = b + c,
forming a regular triangle. In fact, at this point we also
have the relation ∆(A,D) = ∆(B, E) = ∆(C,F) = 2/3.
In addition, we mention that validity of the coplanar con-
dition for d, e and f has been checked in the numer-
7TABLE III: Parameter values for the measurement pulses in
observing A+, B+, C+ for c ⊥ a, b as designed in Eq. (23).
The values are calculated numerically due to no analytical
solution.
A+ B+ C+
θL2 φ ϕ pi/2
φL2 pi 0 pi/2
ical calculation for Fig. 3(b), which shows the module
|d× e · f | < 10−5.
Our experimental measurement takes the case regard-
ing the diagonal line φ = ϕ as an example to verify the
uncertainty relation. The data sets of the probabilities
regarding the observables have been measured, as pre-
sented in the panels of Fig. 3(c). We find that, due to the
identical change of φ and ϕ, ∆(B, E) and ∆(C,F) behave
nearly the same as parabolas whereas ∆(A,D) varies dif-
ferently as a monotonous increase with φ. The three
curves have the common point at φ = 0 which means a
trivial solution since the three curves are collinear and
zero uncertainty exists in this case. The three curves in-
tersect at φ = pi/3, which, from the state-independent
Heisenberg uncertainty relation plotted in Fig. 3(d), is
the point corresponding to the maximum of the lower
bound.
The experimental results plotted in Fig. 3(c) confirm
the numerical prediction for the maximum uncertainty.
Since we suppose that b and c are positioned in oppo-
site sides of a, we find the optimal approximation of the
vector d to the target vector a always existing along the
direction of a. As such, we may only consider the case
of α = 0 in Fig. 3(a). In this case, when φ = 0 turns to
be φ 6=0, the measurement values of A+ keep constant
and D+ decreases slightly, whereas for other observables,
including B+, C+, E+ and F+, the measured possibili-
ties drop largely, see shown in Fig. 3(c4-c6). The latter
is due to the fact that the optimal vector representing
E+ (F+) should have a large deviation from the vector
b (c), which actually reflects the restriction imposed by
the uncertainty relation. Nevertheless, as the dropping
occurs in B+ (C+) and E+ (F+) nearly identically, no
discontinuity can be found in the uncertainty relations
∆(B, E) and ∆(C,F) in Fig. 3(c2,c3). As such, we have
a complete and continuous observation of the Heisenberg
uncertainty relation in Fig. 3(d).
C. Three incompatible observables with one
observable orthogonal to the other two
This subsection deals with the three incompatible ob-
servables with one of them orthogonal to the other two,
whose substantial representation is as follows,
x = (sin θx, cos θx, 0), c = (1, 0, 0), (21)
with x = a, b satisfying |x| = 1. The uncertainty relation
in this case is assumed to be
∆(A,B, C) ≥ ∆¯lb3, (22)
where ∆¯lb3 is the optimal function associated with the
lower bound and can be numerically solved by Eq. (D2)
in Appendix D. For the sake of convenience of the exper-
imental demonstration, we consider, as sketched in Fig.
4(a), the three incompatible observables with the follow-
ing form
a = (0,− sinφ, cosφ), b = (0, sinϕ, cosϕ),
c = (1, 0, 0), (23)
where φ (ϕ) denotes the intersection angle of a (b) with
respect to σz direction.
As shown in Fig. 4(b), the uncertainty varies with ϕ
and φ, reaching both the maximum and minimum along
the diagonal line φ = ϕ. This is due to the symmetry of
the vectors a and b in σy − σz plane. As such, we have
two maxima of the uncertainty, i.e., ∆¯maxlb3 = 2
√
3(
√
3−1)
at φ = ϕ = pi/4 and 3pi/4, which actually corresponds
to the situation where all of the three observables are
in mutual orthogonal orientation. The minima of the
uncertainty appear at φ = ϕ = 0 and pi/2, where the
vectors a and b are collinear and ∆¯minlb3 = 1.55. We also
have to mention that we have found in the calculation
for Fig. 4(b) the module |d ·f |+ |e ·f | < 10−4, implying
f ⊥ d, e is satisfied.
Our experimental measurements in this case exemplify
the case of the diagonal line φ = ϕ. The measured data
sets for the observables’ probabilities in Fig. 4(c) demon-
strate that all the three terms of the uncertainty rela-
tion vary in symmetry with respect to φ = pi/2, where
∆(A,D) and ∆(B, E) behave nearly the same whereas
∆(C,F) varies very differently. This is due to the sym-
metry of a and b in σy − σz plane and the orthogonality
of c with a, b. We find some peculiar characteristics in
Fig. 4(c1-c6). In Fig. 4(c4,c5), PK+ with K = D,E
keep almost constant for most values of φ, while jumping
to the maximum around φ/pi = 1/2 and 1. Correspond-
ingly, both ∆(A,D) and ∆(B, E) in Fig. 4(c1,c2) behave
like the absolute value of sine function with respect to
φ = pi/2. In contrast, ∆(C,F) exhibits a different behav-
ior, but with similarity to PF+ . This observation reflects
the fact, as displayed in Fig. 4(a), that f is always along
the direction of c, whereas d and e have variational in-
tersection angles with a and b, respectively. With com-
bination of the results in Fig. 4(c1-c3), we obtain the
state-independent Heisenberg uncertainty relation in Fig.
4(d), which is in good agreement with the prediction in
Fig. 4(b).
V. DISCUSSION
For general cases, whose arbitrary group of three in-
compatible observables can be described as
a = (cosφ, sinϕ2 sinφ, cosϕ2 sinφ)
b = (0, sinϕ1, cosϕ1), c = (1, 0, 0), (24)
with ϕ1, ϕ2 ∈ [0, 2pi] and φ ∈ [0, pi], the corresponding
approximate observables cannot be simply given. Never-
theless, their triplewise joint measurements should satisfy
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PD+
PA+
(c6)
(c1)
(c4) (c5)
P r1+++
P r1++−
P r1+−+
P r1+−− P
r2
−+−P r2++−
P r3+++
P r3
−−+ P r3
−++
(c2)
(c9)(c8)
PB+
PE+
PC+
PF+
P r3+−+
P r2
−++P
r2
+++
(c7)
(c3)
FIG. 4: (Color online) Three incompatible observables A,B, C in the case of c ⊥ a, b approximated by three compatible
observables D, E ,F , respectively. (a) Corresponding vectors of the observables in Bloch sphere, where α and β are, respectively,
angles of the vectors d and e with respect to σz. (b) Calculated Heisenberg uncertainty relation ∆(A,B, C) as functions of
φ and ϕ, where the black dashed lines denote φ = ϕ. (c1-c3) Experimental measurements of the separate terms ∆(A,D),
∆(B, E) and ∆(C,F) of the Heisenberg uncertainty relation, where the solid curves are numerical results. (c4-c6) Experimental
measurements of the operators PA+,B+,C+ (red dots) and PD+,E+,F+ (black circles), where the solid curves are numerical results.
(c7-c9) Experimental measurements of the joint measurement operators Mµ1µ2µ3 for D+ (c7), E+ (c8) and F+ (c9), where
P rkµ1µ2µ3 = p
Mµ1µ2µ3
ρk . In (c7) and (c8), the values have the relations P
r1
M+++
= P r1M++− , P
r1
M+−+
= P r1M+−− , P
r2
M+++
= P r2M++−
and P r2M
−++
= P r2M
−+−
. In (c9), the values have the relation P r3M+++ = P
r3
M
−−+
and P r3M+−+ = P
r3
M
−++
. (d) Experimental
observation of the Heisenberg uncertainty relation in the case of φ = ϕ with the dots and curve denoting the experimental and
numerical results, respectively. Error bars in (c) and (d) indicate the standard deviation of the data with each measured with
repetition of 20,000 times.
Eq. (1), implying that the essence of the Heisenberg un-
certainty relations in the general cases has been reflected
by the three special cases considered in above sections.
The triplewise joint measurements demonstrated here
are concerning much more complex situation and essen-
tial disposition than the pairwise counterparts considered
previously [14, 23]. It is quite interesting to note that for
the case when only two incompatible observables are in-
volved, there is no possibility to observe a simultaneous
change for two different uncertainties denoted by Wesser-
stein distances, which is a meticulous obligation to the
realization of the fundamental limitation imposed by the
Heisenberg uncertainty in this case, i.e., when one ob-
servable is more precisely measured, the other is more
perturbed and fuzzy. In contrast, the Heisenberg un-
certainty by triplewise joint measurements works under
9the condition of no simultaneous change for all the un-
certainties regarding the three incompatible observables.
As a result, two uncertainties, e.g., ∆(B, E) and ∆(C,F)
in Fig. 5, could perhaps behave identically. The idea
provided in the current work is more fascinating to fur-
nish a new possibility in the precision measurement, such
that we may have two incompatible observables precisely
measured by sacrificing the precision of the third incom-
patible observable, which is legitimately a quintessential
realization of essence of the Heisenberg uncertainty with
enhanced degree of computation capability. From the
data presented in Figs. 2-4, we can envision a magnif-
icent agreement between the experimental observation
and the numerical prediction. Deviations of the mea-
surement data from the numerical curves appear in some
figures regarding Wesserstein distances, which are due to
accumulation of the errors regarding the actual experi-
mental data points. For example, the error bars in Fig.
5(c1-c3) and in Fig. 5(d) are, respectively, four and six
times as long as in Fig. 5(c4-c9), reflecting the maxi-
mum possible deviation of statistics in measuring four
and six variables. Nevertheless, all the deviations in our
observation are non-sequential and completely within the
allowed regions of experimental errors, as denoted by the
error bars.
A clear understanding of the operational imperfec-
tions is essential for the precise and accurate experi-
mental observation of the uncertainty relations. In our
experiment, the resultant typical errors maybe due to
any of the following aspects. (1) Imperfection exists
in initial-state preparation and the final-state detection
since the occupation probability of the initial state is
about 98.9(2.3)% and the detection error yields a mean
deviation of 0.22(8)%. (2) Thermal phonons from the
radial direction creates an additional dephasing effect on
qubit system, yielding the depasing time of 0.24(15) ms.
(3) Statistical errors always exist due to quantum projec-
tion noise. The imprecision in (1) and (2), as experimen-
tally determined errors, can be partially calibrated by
practical methods [46], whereas the statistical errors are
resorted into the standard deviation indicated by error
bars. Besides, the error bars also include the influence
from the fluctuation in the measurements due to instabil-
ity of the laser power and the magnetic field. The fluctu-
ation contributes 2% error in initial-state preparations
and qubit operations.
VI. CONCLUSION
With progressive measurement techniques towards ul-
timate quantum limit, Heisenberg uncertainty relations
have again become an attractive topic since it indicates
that quantum mechanics is inherently nondeterministic
that there exist experiments whose outcomes cannot be
predicted with arbitrary precision. Due to the same rea-
son, the uncertainty relations also help for further under-
standing the foundation of quantum mechanics, such as
the deeper reason for nonlocality [48, 49] and entangle-
ment [50]. Besides, the uncertainty relations constitute
an important ingredient of many device-independent se-
curity proofs [51, 52] and quantum memory [53], which
belong to technological foundation in quantum informa-
tion processing.
We have demonstrated by a single ultracold trapped
ion system the first exploration of Heisenberg uncertainty
relations from the triplewise joint measurement of three
incompatible observables in a pure quantum system. As
only a single qubit is involved, the three incompatible
observables formed by Pauli operators constitute a com-
plete description of the quantum system, whose uncer-
tainty relations would bring more insight, than the coun-
terpart regarding two incompatible observables, into the
understanding of quantum characteristics at the funda-
mental level of a single spin. In practice, our methods
and results for the triplewise joint measurements are of
distinct and more appealing characteristics in contrast to
the previous investigations in the related domain, which
intriguingly enriches our knowledge and give a new per-
ception to make a more vivid and realistic understanding
of the uncertainty relations. Our work is anticipated to
be definitely of peculiar importance and potential ap-
plications in understanding and further development of
quantum information science.
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Appendix A: Solution to Eq. (9)
In order to numerically solve Eq. (9), we transform
the constrained extreme-value problem into the uncon-
strained one, that is, the optimal problem in Eq. (9) is
changed to the following,
∆˜lb = min
(d,e,f)∈Ξ
{2(|a− d|+ |b− e|+ |c− f |)
+Npmax(0,
3∑
k=0
|Λk −ΛFT| − 4)}, (A1)
where Np denotes the large penalty factor for the case∑3
k=0 |Λk − ΛFT| > 4. However, our purpose is just to
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obtain the lower bound ∆lb, which usually appears at the
boundary
∑3
k=0 |Λk − ΛFT| = 4. Thus we can consider
the following form,
∆˜lb = min
(d,e,f)∈Ξ
{2(|a− d|+ |b− e|+ |c − f |)
+Np(
3∑
k=0
|Λk −ΛFT| − 4)2}. (A2)
101 102 103
Np
10-4
10-3
10-2
|∆˜
lb
−
∆
op lb
|
10 100 1000
Np
0.9995
1
1.0005
2θ
/pi
FIG. 5: (Color online) Relation between Np and |∆˜lb −∆oplb |
for three orthogonal incompatible observables, where we
choose a = (0, 0, 1), b = (0, 1, 0), c = (1, 0, 0) and the initial
iteration condition for their approximation are d = a/2, e =
b/2, f = c/2. Numerical calculation shows that for all the Np
the optimal approximations converge to d = (1/
√
3, 0, 0), e =
(0, 1/
√
3, 0),f = (0, 0, 1/
√
3) and the optimal value ∆˜lb con-
verges to ∆oplb = 2
√
3(
√
3− 1). Dots are obtained by numeri-
cal calculation and the line denotes an inverse function fitting,
i.e., |∆˜lb−∆oplb | = 0.1876/Np . Inset: the three angles between
two of the optimal approximations d, e and f , implying that
they are mutually orthogonal.
The penalty factor in Eqs. (A1) and (A2) is relevant
to the accuracy of the numerical calculation for ∆lb, that
is, a larger value of Np makes ∆˜lb closer to ∆lb, i.e.,
limNp→∞ ∆˜lb = ∆lb. However, the larger value of Np
makes the solution more time-consuming. As a result,
we have to find a modest value of Np satisfying |∆lb −
∆˜lb| ≤ ε with ε being a small positive number. Fig. 5
demonstrates the numerical assessment for the relation
between Np and |∆lb − ∆˜lb|, which asymptotically obeys
|∆lb − ∆˜lb| ∼ N−1p .
Moreover, an inlaid optimization process is involved in
Eq. (A2) for solving the FT vector ΛFT of the four differ-
ent vectors. This inlaid optimization process brings in a
numerical obstacle for fast solving Eq. (A2), which makes
the solution time-consuming and inaccurate. Therefore,
we have to only consider some special cases in our ex-
perimental demonstration of Heisenberg uncertainty re-
lations for the three incompatible observables.
Appendix B: Details for three orthogonal
incompatible observables
O
D
E
Fࢊ eࢌ
O
D
E
F
ࢊ e
ࢌ(a) (b)
FIG. 6: (Color online) Schematic diagram for different con-
figurations constituted by the coplanar vectors d, e and f .
The analytical result can be found in the case of three
orthogonal incompatible observables A,B, C. In compar-
ison with the case of two incompatible observables with
the optimal approximations along their corresponding di-
rections [23, 24], we consider that the three incompatible
observables under our consideration should behave sim-
ilarly. Therefore, we employ the orthogonal triplewise-
jointly-measurable observables as the approximations of
the orthogonal incompatible observables A,B, C, which
means d, e,f obeying the constraint condition in Eq. (3).
Thus we assume,
d = k sinϕ sinφa, e = k cosϕ sinφb, f = k cosφc,
(B1)
with k ≤ 1, ϕ ∈ [0, 2pi] and φ ∈ [0, pi]. In this case, the
lower bound is rewritten as
∆oplb1 = mink,ϕ,φ
2[3− k(sinϕ sinφ+ cosϕ sinφ+ cosφ)]
= 2
√
3(
√
3− 1), (B2)
where the minimum is obtained at k = 1, ϕ = pi/4 and
φ = arccos
√
1/3. To justify ∆oplb1 obtained by Eq. (B2)
to be the real lower bound for three orthogonal incom-
patible observables A,B, C, i.e., ∆oplb1 = ∆lb1, we provide
in Fig. 5 a proof by numerical calculation, which shows
a rapid decrease of |∆˜lb1 −∆oplb1| with the increase of Np.
So we have limNp→∞ ∆˜lb1 = ∆
op
lb1. On the other hand,
we also have limNp→∞ ∆˜lb1 = ∆lb1, which indicates that
we can take ∆oplb1 as ∆lb1. Therefore, for three orthogonal
incompatible observables, the uncertainty relation can be
stated as
∆(A,B, C) ≥ 2
√
3(
√
3− 1). (B3)
For experimental demonstration of Eq. (B3), we choose
d, e and f to satisfy Eq. (B1). Under the condition that
the FT vector always satisfies ΛFT = 0, the objective
function in Eq. (A2) is reduced to
∆¯lb1 = min
(d,e,f)∈Ξ
{2(|a− d|+ |b− e|+ |c− f |)
+N¯p[g1(d, e,f) + g2(d, e,f)]}, (B4)
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FIG. 7: (Color online) Numerical results of the Heisenberg uncertainty relation obtained by the original equation, i.e., Eq. (A2)
(dots) and the simplified equations, i.e., Eq. (C3) in (a) and Eq. (D2) in (b). In (a) we choose a = (0, 0, 1), b = (0, 1, 0), c =
(0, cos φ, sinφ) and the initial iteration condition for their approximation is chosen as d = a/2, e = b/2, f = c/2. In (b) we
choose a = (0, 0, 1), b = (0, sinφ, cosφ), c = (1, 0, 0) and the initial iteration condition for their approximation is chosen as
d = (2a + b)/3, e = (a+ 2b)/2, f = c/2. Inset of (a): the intersection angles reagrding the optimal approximations d, e and
f that θ1 denotes the intersection angle between d and e (black dots), θ2 (red dots) for d and f and θ3 (blue dots) for e and
f , satisfying |d× e · f | < 10−5. Inset of (b): θde denotes the intersection angle between the optimal approximations d and e.
Other intersection angle θdf (θef ) between d and f (e and f) satisfies |θdf − pi/2| < 10−3 (|θef − pi/2| < 10−3).
where the triplewise jointly measurable and orthogonal
constraints are g1(d, e,f) = (|d|2 + |e|2 + |f |2 − 1)2 and
g2(d, e,f) = (d · e)2 + (d · f)2 + (e · f)2, respectively.
Obviously, limN¯p→∞ ∆¯lb1 = ∆
op
lb1 is satisfied. By chang-
ing the parameters φ and ϕ, we can experimentally reach
the lower bound as stated in Eq. (B3).
Appendix C: Details for three coplanar incompatible
observables
Following the idea in above section, we assume that,
for three coplanar incompatible observables, the corre-
sponding optimal approximations d, e and f should also
lie in a plane. In this case, the triplewise jointly mea-
surable condition in Eq. (1) can be simplified. If f lies
in the triangle formed by d and e, the triplewise jointly
measurable condition is reduced to
|d+ e|+ |d− e| ≤ 2. (C1)
Otherwise, the triplewise jointly measurable condition is
written as
|d+ e|+ |d − f |+ |e− f | ≤ 2. (C2)
To be concrete, we consider the original point O and the
vectors d, e forming a triangle ∆ODE , as sketched in
Fig. 6. If F is inside ∆ODE , we have the area relation
SODE = SODF +SDEF +SEOF . Otherwise, F is outside
∆ODE . The objective function in Eq. (A2) is thereby
reduced to
∆¯lb2 = min
(d,e,f)∈Ξ
{2(|a− d|+ |b− e|+ |c− f |)
+N¯p[g1(d, e,f) + g2(d, e,f)]}, (C3)
where the triplewise jointly measurable constraint is
g1(d, e,f) = (|d+ e|+ |d− e| − 2)2 if f is inside the tri-
angle ∆ODE , and otherwise g1(d, e,f) = (|d+ e|+ |d−
f |+ |e− f | − 2)2. The function g2(d, e,f) = (d× e ·f)2
works as the coplanar constraint. Compared with Eq.
(A2), Eq. (C3) largely simplifies the numerical process
and improves the accuracy of numerical calculation.
Similar to the results in above section, the lower bound
∆lb2 can be obtained by an appropriate value of N¯p. To
justify Eq. (C3), we have carried out numerical simu-
lation for |∆¯lb2 − ∆˜lb2|, as plotted in Fig. 7(a). The
difference between ∆¯lb2 and ∆˜lb2 is smaller than 10
−3,
implying ∆¯lb2 = ∆˜lb2. Moreover, we have also checked
the vector product |d×e ·f | < 10−5, implying d, e and f
being coplanar. Therefore, Eq. (C3) could be reasonably
employed to calculate the lower bound of the Heisenberg
uncertainty relation in comparison with the experimental
measurements.
Appendix D: Details for three incompatible
observables with one orthogonal to the other two
In this case, the corresponding optimal approximations
d, e and f should satisfy both the orthogonal condition
that one of the three observables is orthogonal to the
others and the triplewise jointly measurable condition.
In the case of f orthogonal to both d and e, the jointly
measurable condition is reduced to
|d+ e|+ |d− e| ≤ 2
√
1− |f |2, (D1)
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whose objective function could be given by reducing Eq.
(A2) to
∆¯lb3 = min
(d,e,f)∈Ξ
{2(|a− d|+ |b− e|+ |c− f |) +
N¯p[g1(d, e,f) + g2(d, e,f)]}, (D2)
where g1(d, e,f) = (|d+ e|+ |d−e| − 2
√
1− |f |2)2 and
g2(d, e,f) = (d · f)2 + (e · f)2.
Similar to the above sections, the lower bound ∆lb3
could be obtained by choosing a reasonable large value of
N¯p. We have numerically checked |∆¯lb3− ∆˜lb3| as shown
in Fig. 7(b). The optimal approximate observables d,
e and f also satisfy the orthogonal relation f ⊥ d,f ,
whereas they might have intersection angles with a, b
and c, respectively. Moreover, the FT vector of d, e and
f in this case can be analytically solved as
ΛFT =
|d+ e| − |d− e|
|d+ e|+ |d− e|f . (D3)
Thus, the measurement operators of the joint measure-
ment observables in Eq. (2) can be analytically obtained
by inserting Eq. (D3) into Eq. (2).
Appendix E: Some details of experimental
manipulation
In our experiment with the single ultracold ion, the
state manipulation and experimental evolution are per-
formed by an ultra-stable narrow linewidth Ti:Sapphire
729-nm laser corresponding to linewidth (FWHM) of 7
Hz, as measured via the heterodyne beat note method
with respect to another laser system. The 729-nm laser
is locked to a high-finesse ultra-low expansion cavity with
the long-term drift to be 0.06 Hz/s.
For producing well-ordered laser pulses in the imple-
mentation, all the lasers are controlled by the acousto-
optic modulators (AOM) by passing through the AOMs
before irradiating the ion. The operational systematic rf
signals applied to all the AOMs are being supplied by the
direct digital synthesizer (DDS) which is controlled by a
field programmable gate array. The DDS functions as the
phase and frequency control of all the lasers during the
consecutive experimental progressions. A typical exper-
imental sequence involves more than 300 optical pulses
within a time slot of about 40 ms.
Implementing the required evolutions comprises of two
kinds of physical operations. For preparing a required
state, we execute carrier transitions for different time
spans by the 729-nm laser pulses with the mutual phase
difference of 0, pi or any other desired value. For measur-
ing the observables, we first generate a superposition of
the states |↓〉 and |↑〉, and then the detection is made by
applying the cooling lasers again and counting the emit-
ted photons for 6 ms by the photon multiplier tube. Each
data point of the observables in the scheme is typically
measured for 20,000 times.
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